An expression is derived for the energy density of an electromagnetic wave of rather general form in a lossless, homogeneous and isotropic medium exhibiting temporal dispersion. The result is a generalization of the standard form and takes into account higher order derivatives of the dielectric and permeability functions as well as of the electric and magnetic field amplitudes of the wave. The classical derivation of the expression for the energy density given by BRILLOUIN 1 , is discussed in some detail and, finally, a qualitative example of a chirp pulse in a simple medium is given, which illustrates the importance of higher order terms.
Introduction

General Derivation
The aim of the present article is to derive a generalized expression for the energy density of an electromagnetic wave in a temporally dispersive medium and to include terms of "higher dispersive order" i. e. terms containing higher derivatives of the envelope function of the waveamplitude and of dispersive functions like e. g. the dielectric function e(co). This is in contrast to the normal treatment of problems connected with wavepropagation in dispersive media, which is of first dispersive order in the sense defined above.
The resulting, generalized expression for the energy density is quadratic in the wave-amplitude and its derivatives. It includes the standard result as the first term, to which it reduces, when the wave is taken to be monochromatic. A third order expansion is given, which should be sufficient for most practical purposes.
The analysis also demonstrates the very convenient use that can be made of the concepts of bilinear concomitants and adjoint operators from the theory of linear differential operators.
A detailed comparison is made with an example studied by BRILLOUIN 1 . The present approach is shown to agree with his result. Some consequences of a higher order analysis are pointed out. The correction terms of the generalized expression for the energy density should be important for strong dispersion and/or broad band signals. This is qualitatively demonstrated with an example of a gaussian chirp pulse in a simple medium.
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Starting from Maxwells equations for the electromagnetic field one identifies the energy density W as
We shall study especially the electric part WE of this expression, i. e. 3rE/3* = £(3Z)/3*).
The magnetic part can of course be given a corresponding treatment. The dispersion is assumed to be temporal and we will consequently restrict the analysis to time-variations only. In that case the Fourier transforms of E and D are related as where
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and E(OO) is the dielectric function. This implies that
where we have used the well known relations e( -OJ) =£* (co) and E( -co) = E*(OJ) .
Suppose now that we can expand -icoe(co) in a Taylor series around the point co0 . For the moment this point can be considered arbitrary. Thus we have
, .
where 3/3 co denotes differentiation with respect to co, working on ooe(co) and evaluated at the point <o0 . Artificially inserting in Eq. (6) 
Suppose the electric field to be given as (9) (10)
where co0 is the dominant frequency of the wave and E0(t) is a slowly varying amplitude. This may be expressed quantitatively as
Comparing Eq. (11) with E(t) in the general form
we identify the envelope function E0 (t) as
E0(t) =2 f E(co) e-i(fi>-a>»)t dco . 0
Inserting this in Eq. (9) gives
It is convenient to work with time averaged complex notations from here on. For that purpose we make a symmetrization of Eq. (2) Equation (17) for the electric part of the energy density is a quadratic expression in the amplitude and its derivatives. This implies that it will give a detailed treatment of the problem of dispersion due to higher order derivatives of the dielectric function as well as the amplitude of the wave.
It is obvious that a similar treatment can be given the magnetic part of the energy density WH with the result
where H (t) =Re {H0(t) e~i w » t } denotes the magnetic field and Q(d/dt) is obtained from Eq. (10) by replacing £(co) with JU(CÜ), which is the permeability function. Finally we get 3 \ " / 3 3;
Identification of the Energy Density
Equation (17) can be cast into a still more interesting form that is symmetrical and makes possible the identification of the energy density WE itself.
The operator P(d/dt) given by Eq. (10) is a linear differential operator with constant coefficients. It is easily verified that the following relation is valid
P= -P> (20)
where P is the operator algebraically adjoint to P. Furthermore we have the Lagrange identity (e. g.
where Cp(u, v) is the bilinear concomitant corresponding to P, and u and v are arbitrary functions. Putting u = E0 and v = E0* we obtain by means of Equation (20)
E0*PE0 + E0P*ES=^CF(E0,E0*). (22)
Combining this with Eq. (17) we have The first term in this expression is the standard form for the energy density in a weakly dispersive medium (e. g. LANDAU and LIFSHITZ 3 ). In addition we have two correction terms, which will be important, when we have a rapid variation of £(a>) with co and/or E0(t) with t.
We=ICp(E0,E0*).
The approach based on bi-linear concomitants and adjoint operators is very convenient in general studies of energy densities and energy flows in dispersive media, where a detailed analysis gives quadratic expressions like Equation (19). This general situation will be treated in a forthcoming paper.
Some Applications and Comparisons
A classical derivation of the standard formula for the energy density is given by BRILLOUIN 1 . He emphasizes the fact that "in order to define a value of the energy in an oscillating field, it is necessary to consider a process which, starting at rest [E(t) = 0 for a certain time] slowly builds up to an oscillating field of amplitude a\ Brillouin gives an example of this by regarding the wave as a beatwave during the build up phase. The electric field can thus be written
and the energy WE of the monochromatic wave -a sin OJ t is according to Brillouin jt/25 rtr <
27
> o where we have neglected a factor 1/4 a due to cgsunits and ( ) denotes averaging over the fast variation determined by sin <JO t. As pointed out by Brillouin the value obtained in Eq. (27) does not depend on (3 and furthermore is "independent of the particular manner in which the amplitude varies'* (during the build up phase), "as long as it is sufficiently slow".
We think it is instructive to consider the building up of a monochromatic wave by means of a general envelope function and take into account correction terms as given by Equation (25). In our notations we have for the envelope function E0(t).
[0 t^ 0
E0(t)=\e(t)
O^t^T 
To first order this gives a-3 (co £)
which of course coincides with Brillouin's result Eq. (27) and furthermore is in accordance with his general statement cited above. However, if we include higher order terms, it is obvious from Eq. (29) that the resulting value of the energy density will depend upon the values of the derivatives of e(t) at the points t = 0 and t = T. We are thus led to the additional requirement that in a higher order analysis the chosen envelope function must be smooth enough, i. e. it should have continuous derivatives of sufficiently high order. E. g. for a third order analysis we must demand that
In that case the value of the energy density will still be given by Eq. (27) as it should.
For the purpose of a further comparison we want to compute the energy density of the wave given by Equation (26) 
It is interesting to note that this expression is obtained in an article by NICOLIS 4 , who extends Brillouin's analysis to third order and adds a statistical averaging based on the assumption that "d is a statistically derived average value". Such an assumption is obviously not needed in the present analysis.
However it is easily seen that the envelope function e(t) = a sin dt/i is not smooth enough (in the sense defined above) for a third order analysis. Consequently the resulting value of the energy density Eq. (31) has no general significance.
(35) implies \oj0-ojc\~ßt.
But 1 /t can be put equal to ]/a, which is proportional to the band-width Aco0 of the pulse and finally we have | co0-coc |~Jco0 .
From this result we draw the following conclusions; For a broad signal (Aco0 great) the correction terms will contribute already far from resonance, but with a narrow signal (AFT>0 small) the carrier frequency co0 must lie near the resonance frequency coc for the correction term to become important.
